ON THE COEFFICIENTS OF THE ASYMPTOTIC EXPANSION OF 
THE KERNEL OF BEREZIN-TOEPLITZ QUANTIZATION 

CHIN-YU HSIAO 

Abstract. We give new methods for computing the coefficients of the asymptotic 
expansions of the kernel of Berezin-Toeplitz quantization obtained recently by Ma- 
Marinescu, and of the composition of two Berezin-Toeplitz quantizations. Our main 
tool is the stationary phase formula of Melin-Sjbstrand. 



43 



1 

2 
2 
4 

8 



O Contents 

1. Introduction and statement of the main results 
£3 . 1.1. Some standard notations 

i 1.2. Set up and Terminology 

\ 1-3. The main results 

2. The Taylor expansions of some global functions at a given point 

3. The phase function version of the asymptotic expansion of the kernel of 

| Berezin-Toeplitz quantization [14 

4. The coefficients of the asymptotic expansion of the kernel of Berezin-Toeplitz 
quantization 

4.1. The coefficient boj 

4.2. The coefficient b\j 

4.3. The coefficient 62,/ 

5. The coefficients of the asymptotic expansion of the kernel of the composition 
of two Berezin-Toeplitz quantizations 

^| 5.1. The coefficients b j :9 and C (/, g) 



18 
20 
20 
22 



O 5.2. The coefficients and C±(f, g) 27 

5.3. The coefficients &2,/,g and C^/, g) 29 
References 34 



26 
27 



1. Introduction and statement of the main results 

Let L k be the k-th. tensor power of a positive holomorphic line bundle L over a 
compact complex manifold X. Let J$?°(X, L k ) be the space of global holomorphic 
sections of L k and let 17^ denote the orthogonal projector on Jrf?°(X, L k ) in the L 2 
space. Let / G C°°{X). Berezin-Toeplitz quantization with symbol / is the operator 
= 11^ 0/0 ij( fc ). The study of the k large behaviour of T* is important in the 
geometric quantization theory . Ma and Marinescu [2] obtained a full off-diagonal 
asymptotic expansion in k of the kernel of Tj k \ They also calculated in [15] the first 
three coefficients of the expansion on the diagonal when X is polarized (see (ll.3ip ) 
by using kernel calculations on C" and the analytic localization technique of Bismut- 
Lebeau [12] . The coefficients of the expansion turned out to be deeply related to various 
problem in complex geometry (see e.g. Fine [B], [7] ). 

Since microlocal analysis is one of the main tools of quantization, it is important 
to know how to use microlocal analysis to calculate the coefficients of the expansion. 
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This will be done in the present paper. There are two ingredients of our approach: the 
phase function version of the asymptotic expansion of the kernel of Berezin-Toeplitz 
quantization and the method of stationary phase. We will calculate the first three 
coefficients of the expansion by using this method. We do not assume that X is 
polarized. Even through the inspiration for the calculation from microlocal analysis, 
the arguments in this paper are elementary and simple. 

1.1. Some standard notations. We shall use the following notations: H. is the set 
of real numbers, N = {1,2,.. .}, N = N(J {0}. An element a = (cti, ...,a n ) of N% 
will be called a multiindex and the length of a is: \a\ — a± + ■ ■ ■ + a n . We write 

™Q ™ Q 1 . . . rf-Otn ry. I ry- rn \ f)Ct flCtl f) 8 f)Ct f)ai ■ ■ . D"™ 

— J, 1 X„ , — ^1, • • • ,^nj, U x — U Xl u x n l U Xj ~ dXj> X ~ ^Xnl 

D x — \d x , D x . — \d Xj . 

Let M be a C°° paracompact manifold. We let TM and T*M denote the tangent 
bundle of M and the cotangent bundle of M respectively. The complexified tangent 
bundle of M and the complexified cotangent bundle of M will be denoted by CTM 
and CT*M respectively. We write ( • , • ) to denote the pointwise duality between TM 
and T*M. We extend ( • , • ) bilinearly to CTM x CT*M. Let E be a C°° vector bundle 
over M. The fiber of E at x G M will be denoted by E x . Let F be another C°° vector 
bundle over M. We write EM F to denote the vector bundle over M x M with fiber 
over (x,y) G M x M consisting of the linear maps from E x to F y . We write End (E) 
to denote EM E. 

1.2. Set up and Terminology. Let X be a compact complex manifold of dimension 
n with a smooth Hermitian metric ( • , • ) on the holomorphic tangent bundle T 1,0 X. 
Let T 0,1 X be the anti-holomorphic tangent bundle of X. We extend the Hermitian 
metric ( • , • ) to CTX in a natural way by requiring T 1,0 X to be orthogonal to T 0,1 X 
and satisfy (u,v) = (u , v ), u, v G T 0,1 X. For p, q G N , let A p ' q T*X be the bundle 
of (p, q) forms of X. The Hermitian metric ( • , • ) on CTX induces a Hermitian metric 
on A M T*X ® A r ' s T*X, p, q,r,s G N , also denoted by ( • , • ). Let D C X be an open 
set. If E is a vector bundle over D, then we let C°°(D, E) denote the space of smooth 
sections of E over D. Let C£°(D,E) be the subspace of C°°(D,E) whose elements 
have compact support in D. 

In the sequel we will denote by ( • , • ) both scalar products as well as the duality 
bracket between vector fields and forms. 

Let (L, h L ) be a holomorphic line bundle over X, where the Hermitian fiber metric 
on L is denoted by h L . In this work, we assume that h L is smooth. Let 4> denote 
the local weights of the Hermitian metric. More precisely, if s(z) is a local trivializing 
section of L on an open subset D C X, then the pointwise norm of s is 

(1.1) |s(x)| 2 = \s(x)\ 2 hL = e- 2 *™, G C°°(D,R). 

Let R L be the canonical curvature two form induced by h L . In terms of the local weight 
0, we have R L = 2dd(j). 

We will identify the curvature two form R L with the Hermitian matrix 

R L G C^pT, End (T 1 ' ^) 
such that for U, V G T X '°X, x G X, we have 

(1.2) (R L (x)U,V) = (R L (x) ,U AF). 
In this work, we assume that 

Assumption 1.1. R L is positive at each point of X, that is, L is a positive holomorphic 
line bundle over X . 



We introduce now the geometric objects used in Theorem II. 4[ Theorem 11.51 below. 
Put 



(1.3) uj=:^-^R l . 

The real two form uj induces a Hermitian metric ( • , • ) u on CTX. The Hermitian metric 
( • , • ) u on CTX induces a Hermitian metric on A p,q T*X £g> A TyS T*X, p, q,r,s G No, also 
denoted by ( • , • ) u . For u G A m T*X, we denote \u\^ =: (u,u ) u . 

Let B be the real two form induced by (■,■). In local holomorphic coordinates 
Z = (Zi, . . .,z n ), put 



UJ 



r —\ Uj^dzj A dz k 



(1-4) 

6 = V^l Qj^dzj A dz k . 
j,k=i 

We notice that j>A; = ( , ^ ), u^ fe = (-£-, j,k = 1, ... ,n. Put 
(1.5) /i = {h jyk ) n j k=l , h j)k = u) k>j , j, k = 1, . . . , n, 

and /i -1 = J fc _ 1 , /i -1 is the inverse matrix of /i. The complex Laplacian with 

respect to u is given by 

j,k=l 

We notice that Zi- 7 '* 1 = ( dzj , dz k ) u , j,fc= 1, . . . , n. Put 

=: det Kfc)", fc =i , 
V e =: det (©i,fc)" >fc=1 

and set 

r = A w togK,, 

1 J f = A w io g y e . 

r is called the scalar curvature with respect to uj. Let -R@ ct be the curvature of the 
determinant line bundle of T 1,0 X with respect to the real two form G. We recall that 

(1.9) i?| et = -dd\ogV e . 

Let h be as in flT5J) . Put = /r^/i = {Oj,k)l k=v Oj,k e A 1>(j T*X, j, fc = 1, . . . , n. 
is the Chern connection matrix with respect to uj. The Chern curvature with respect 
to uj is given by 

Rl x = 89 = {de hk )] k=1 = {n hk ) n hk=1 G C™(X, A^T'I ® End (M)), 
i^ X (Z7, V) G End (T 1,0 X), VC7, V G T 1 ' ^, 



;i.io) 



j,fc=i J i=i J 



Set 

n 

(1-H) l^l!= : E |(^ X (e„e fc )e s , ei ).| 2 , 

where ei, . . . , e n is an orthonormal frame for T 1,0 X with respect to ( • , • ) u . It is straight- 
forward to see that the definition of |-R^ X | 2 is independent of the choices of orthonormal 



4 

frames. Thus, is globally defined. The Ricci curvature with respect to ui is 

given by 

n 

(1.12) Ric w =:-^( J R: x (-,e J )-,e,) w , 

3=1 

where ei, . . . , e„ is an orthonormal frame for T 1,0 X with respect to ( • , • ) U) . That is, 

n 

( Ric w , U A V ) = - J2( Rl X (U, ej)V , e 3 ) m U, V G CTX. 

3=1 

RiCuj is a global (1,1) form. 
Let 

(1.13) D ' 1 : C°°(X, A 0ll T*X) ->■ C°°(X, A°' 1 T*X <g> A°' 1 T*X) 

be the (0, 1) component of the Chern connection on A 0,1 T*X induced by ( • , • ) w . That 
is, in local coordinates z — (z±, . . . , z n ), put 

A = ( a i,fc)" fc=1 , a jtk = (dz k ,dzj) w , j, k = 1, . . . , n, 

and set 

(1.14) A = A- 1 dA=(a j , k )l k=1 , a j)t GA°¥l, j, k = 1, . . . ,n. 
Then, for u = £" =1 u jdzj e C°°(X, A^X), we have 

n n 

D^u = ^duj ^dzj+Y^ u i a Ki ® dz k e C°°{X, A^rX <g> A^T'X). 

3=1 j,k=l 

Similarly, let 

(1.15) D 1 ' : C°°(X, k lfi T*X) ->■ C°°(X, A 1 '°T*X <g> A^X) 

be the (1, 0) component of the Chern connection on A 1,0 T*X induced by ( • , • ) w . 

1.3. The main results. In order to state our results precisely, we first review briefly 
the asymptotic expansion of the kernel of Berezin-Toeplitz quantization. Let L k , k > 0, 
be the k-th tensor power of the line bundle L. The Hermitian fiber metric on L induces 
a Hermitian fiber metric on L k that we shall denote by h Lk . If s is a local trivializing 
section of L then s k is a local trivializing section of L k . For / G C°°(X, L k ), we denote 
the pointwise norm \f(x)\ 2 =: \f(x)\ 2 hL k. We denote by 

0™ 

cfox = dvx(x) = — r 
n! 

the volume form on X induced by the fixed Hermitian metric ( • , • ) on CTX. Then we 
get natural inner products ( | ) k , ( | ) on C°°(X, L k ) and C°°(X) respectively. More 
precisely, let s be a local trivializing section of L on an open set D C X, \s\ 2 = e~ 2<i> , 
then for u = s k u, v = s k v G C^°(D, L k ), we have 

(1.16) (u | v) k = [ uve- 2k *dv x {x). 

Jx 

We denote by L 2 (X,L k ) the completion of C°°(X, L fc ) with respect to ( | ) k . 

Let d k : C°°(X,L fc ) ->■ C°°(X,L fc <g> A°- 1 T*X) denote the Cauchy-Riemann oper- 
ator with values in L k . Put je°(X,L k ) =: {/ G C°°(X,L fe ); 9 fc / = 0}. Let 77^ : 



L 2 (X,L k ) — > J^°(X,L k ) be the Bergman projection. That is, the orthogonal pro- 
jection onto jr°(X,L k ) with respect to ( | ) fc . Let / G C°°(X). Berezin-Toeplitz 
quantization with symbol / is given by 

T { f k) : L 2 (X } L k ) -> L 2 (X,L k ), 
(1.17) 1 y ' 



ii — ^ (77( fe) o/o7I ( -)//. 



Let 



be the Schwartz kernel of Tj . Let s be a local section of L over X, where X C X. 
Then on X x X we can write 

T^(x,y) = s(x) k T^(x,y)s*(y) k , 
where T^x, y) G C°°(X x X) so that for x G X, u G C °°(X, L fc ), 

(if «)(*) = ,(x) fc / I^foy) < u(y),s*(y) k > dv x {y) 

(1.18) 



v 

Mx) fe / T^(x,y)u(y)dv x (y), u = s k u, ueC^(X). 
Jx 



For x = y, we can check that the function T^(x,x) G C°°(X) is independent of the 

choices of local section s. We write T^(x,x) =: T^ k \x) and call Tj k \x) the kernel of 
Berezin-Toeplitz quantization on the diagonal. 

We introduce some notations. Let Q be an open set of M. N . Let a(x,k) G C°°(Q) be 
a ^-dependent function. We write 

00 

a{x,k) = J2 a j( x )k m ~ j mod 0(Jfc-°°) on Q, 
3=0 

where m G Z, G C°°(f2), j = 0, 1, . . ., if for every N G N, every a G Nq™ and 

every compact set K C Q, there exists a constant Cjv, a ,if > independent of fc, such 
that 

v 

d a x (a(x, k)-J2 ^aAx)) < C Nt<XjK k m ~ N -\ 

j=0 

x G K, for k large. 

Theorem 11.21 and Theorem 11.31 below are due to Ma-Marinescu [T4"l Lemma 4.6], [T2"j 
Lemma 7.2.4], [H Th.1.1] 

Theorem 1.2. Lei (X, 6) be a compact Hermitian manifold and (L, h L ) — )■ X a posi- 
tzi>e /me bundle. Let f G C°°(X). Wrf/i i/ie notations used above, we have 

00 

(1.19) Tf\z) = y ^2 l bjj(z)k n ~ j modO{k-°°) onX, 

j=0 

where b jif (z) G C°°(X), j = 0, 1, 2, . . .. 

Let f,g G C°°(X). As in the discussion after (11.181) . we can also define the kernel 
of the composition T* o Tg 9 " 1 on the diagonal. We write (T^ o Tg )(z) to denote the 
kernel of the composition o Tg 9 ^ on the diagonal. 



Theorem 1.3. Let (X, O) be a compact Hermitian manifold and (L, h L ) — > X a pos- 
itive line bundle. Let f,g e C°°(X). With the notations used above, the kernel of the 
composition T* o Tg on the diagonal has an asymptotic expansion 



(1.20) (Tf ] o Tf ] )(z) = KfM kn ~ 3 mod 0(k-°°) on X, 

3=0 

where b jJt9 (z) E C°°(X) ; j = 0, 1, 2, . . .. 

Moreovi 
expansion 

(1.21) 



Moreover, o Tg^ is a Berezin- Toeplitz quantization and it admits the asymptotic 



3=0 



where Cj, j = 0, 1, . . are bidifferential operators, in the sense that for any m > 0, 
there exists c m > independent of k with 



3=0 



(k) 

Cj{f,g) 



< r j.n-m-1 



where \\-\\ denotes the operator norm on the space of bounded operators on C°(X, L k ). 

In [12], [H], the asymptotic expansions (I1.19p . (11.201) and (11.211) . are actually proved 
in greater generality on symplectic manifolds. 

In this paper, we give new methods for computing the coefficients of the expansions 
(j!.19p . (11.201) . (11.211) and we calculate the first three terms of the expansions. Our 
purpose is to prove Theorem 11.41 and Theorem 11.51 below. Note that we do not assume 
that uj = O. 

Theorem 1.4. Let (X, 0) be a compact Hermitian manifold and (L, h L ) — > X a posi- 
tive line bundle. Let f G C°°(X). With the notations used above, for 



\f( z 



in (11.191) . we have 
(1.22) 

(1.23) 

b ltf (z) = (2n)- n f(z) det R L (z) (i-r - i 

(1.24) 

b 2J (z) = (2iv)- n f(z) det R L (z) 
1 



boj(z), hj(z), b 2 , f (z) 

(2n)- n f(z) det R L (z), 

(27r)-"det J R L (z)(-^A w /)(z), 



r U + 



1 2 I 

r — 



+ 



1287T 2 

1 



r f _l_ 



1 



(Ric„,R™) UJ + -—A ul r 



32tt 2 32tt 2 
1 , 2 



(27r)- n det R L {z 



24tt 2 

' (Au/X-f+ir) 



Ric, 



967T 2 



327T 2 



:A„,f 



^ I pdet | 2 



TX|2 



1 



: as/ , Rl et ) u 



16% 



4tt 2 



+ 



1 ■ddf,m Cu) ) u + -^/\lf)(z) 



32tt 2 



VKe remind that R L is given by (ll.2p and 

det R L (z) = \i(z)---\ n (z), 
where Xi(z), . . . , A n (z) are eigenvalues of R L (z). 



Theorem 1.5. Let (X, 0) be a compact Hermitian manifold and (L, h L ) — > X a posi- 
tive line bundle. Let f,g £ C°°(X). With the notations used above, for 

boj,g( z )' hf,g( z )i hfA z ) 

in (11.201) . we have 

(1.25) boj >g {z) = (2n)- n f(z)g(z)detR L (z), 

( 1 » 1 



b 1Ji9 {z) = (2n)- n f(z)g(z) det R L (z) (— f - — r) [z) 
(1-26) + (2n)- n det i? L (z) ( - i- ( S AJ + fA„g) + ±-(df ,8g) w ) (z) 

= 6 1Js (z) + (2tt)-" det fr( z )(-±.(df,d§\ 



(1.27) 

W*) = 62,/ fl (z) + (2vr)-" det ( - A 5/ , Ric„ ) w + ^( A 9/ , ^ et ) t 

+ -L ( 5 A W / , % ) u + -L ( M u j , 57 ) w - -L ( D 1,0 df , D lfi dg ) u 
871^ o7T 871^ 



An 2 " J 8tt 2X J ' a/ " v 2 

Moreover, forC (f,g), C x (f,g), C 2 (f,g) in (jl.21|). we /tcwe 

(1-28) C (f,g) = fg, 

(1-29) C 1 {f i g) = ~(df,d§) u , 

(1.30) C 2 (/, <?) = ^( D l,0 df , D 1,0 dg) u + ±^(dgAdf, flg* ) u . 

Remark 1.6. With the notations used above, from (11.241) . (I1.27P and Proposition 12. 4} 
we can rewrite & 2 ,/,g as follows: 

6 2 , />fl (z) = (2 7 r)-"det J R i (,)/(^)^(^)(^(f) 2 - ^fr 

+ 12^ - 32^) + < >. " ^ \Rt\l 



96tt 2 ( A " r ) 24tt 2 |RiCw| ' + 96tt2 



+ (2tt)-" det R L (z) (( JLf - ^r) (df,dg) u + j^f(A U! g) (-r + \r) 

+ I^(A./) ( - * + ^) - 4^/<*to • ^ >« - » < >« 

+ ^f(ddg ,Ric u ) U} + —g(ddf,Ric U} ) u + — (df Adg,Ric u ) u 

S7T Z 07T Z 47T Z 

47T 87T Z 8^ 

+ J_/ D ^df . D ^Bg) u + J-f(Alg) + -^g(A 2 j) 

+ I^i( A ^) (A./)) (s). 

Remark 1.7. (I) In [15] . Ma-Marinescu calculated the coefficients b j, b\j, b 2 j, boj, g , 
bij, g , t>2j, g and C (f, g), Ci(f, g), C 2 (f, g), in the case when uj = and in the presence 
of a twisting vector bundle. In [TBJ section 2.7], they observed that one can reduce the 
calculation in the case when u ^ to the case when u = by the following trick. Let 



bjj be as in (11.191) corresponding to the case u 7^ 6. Let E be the trivial line bundle 
over X (i.e. E — C) and endow E with the metric |1| 2 =: (27r) n ( det R L ) . Endow X 
with the Hermitian metric u = and consider the L 2 inner product induced by the 
metric of E, oj, and /i ife as in (jl.lfip and let be the Berezin-Toeplitz quantization 
with values in L k <g> E and let be as in (I1.19p . Then by [TU (2.110)], we have 

bjj = (2n)- n det R L b j)f , E , j = 0, 1, . . . . 



One can check that this formulas coincide with those from Theorem 11.41 Note also 
that the formulas for the coefficients Cj(f, g) are the same in the case when u = G and 
in the case when to ^ 9, see also [16j (2.110)]. 

(II) Note that we can also include a twisting bundle in our computation but due to the 
fact we already consider the case co ^ 6 the formulas become quite long. 

We say that X is polarized if u = O. We can check that if X is polarized then 
(1.31) det R L = (27r) n , r = r, Ric^ = 



From this observation and Theorem ll.4[ Theorem 11.51 we deduce the following results 
of Ma-Marinescu H5l 



Corollary 1.8. If X is polarized, then for b j(z),b 1 j(z),b 2 j(z) in (11. 19j) . we have 

6i,/W = ^(r/)W-^(A w /)(z), 

;i ' 32) M*) - /(*) ( ^ - ^ - JL_ |Ric Ji + \ Rl x\l 

1 , . 1 . _ , 1 



Moreover, for boj tg (z), (z), b2j <g (z) in (ll.20p . we /iai>e 
&o,/,sO) = f(z)g(z), 

b ltf , g (z) = f(z)g(z)±-r(z) + ±-(8f J5g)*(*) ~ ]~{gA„f + fA„g)(z) 
1.33) & 2,/, 9 (^) = &2,/ fl (z) + -^(dAuf ,dg) u (z) + — ( dA^g , dj) w {z) 

' ( D lfi df , D lfi dg ) w (z) — -^—(ddf , ddg ) u (z) 



8vr 2N J ' ' 4tt 2 

- Y^(«9/,%)c(^)r(2:). 

2. The Taylor expansions of some global functions at a given point 

In this section, we will use the same notations as section 1. For a given point p G X, 
we may take local holomorphic coordinates z = (zi, z 2 , . . . , z n ) and local trivializing 
section s of L defined in some small open neighborhood of p such that 

z{p) = 0, 

n 

0(2) = 5^ a j l^'l 2 + < M 2 0' 
3=1 

(2.1) ± / A ^ /I ivh gg+ig^ 



H ., = 0(|z|) 4 ), -__^( ) = o if |a|<lor < 1, a^eN^ 



0( Z ) = y/-l\dZj A d^- + 0(\Z\). 



3=1 



(This is always possible. See Ruan [IB].) In this section, we work with this local 
coordinates z and we identify p with the point z — 0. 

From (12.11) . we can check that 2Ai, . . . , 2A n , are eigenvalues of R L (0) and 



(2.2) 



CO 



TV 



- Yl x i (,: -i A ,it j + ~v~ Yl 



dzjdzk 



dz,j A dzk- 



j=i " j,fc=i J 

The following lemma follows from some straightforward but elementary computa- 
tions. We omit the proof. 

Lemma 2.1. We have 

d 4 (j) 

A,- ^— ' dzndzhdz.dzt 



(2.3) = 1 £ 

A 7 ^ UZjUZkUZ s UZ t 
■> s,t=l J 



(z)dz s A dzt + 0(|z| 2 ), j, k — 1, . . . 



(2.4) A. = -a,^ 1 » +2,^^ JI +P(N 3 ' 



Aj dzjdzj AjAfc dzjdz k dzj&Zk 



(2.5) log K = ^ log 



5 2 



E 



i a 2 ^ <9 2 



dz s dz s ^— ' A S A 4 dz s dz t dz s dz t 

s=X s<t,l<s,t<n 



+ 0(\z\ 



(We remind that TZj,k and are given by (11.101) and (ll.7p respectively.) 
Put 

x \ 1 9 2 

(2.6) 



Ao = E 



The following theorem also follows from some straightforward computations. We only 
sketch the proof 

Theorem 2.2. We have 
(2.7) 



i 



l<S,t,J,fc<71 



AtAsAjA/j 



5 d 



&Zjdz s dz t dz } 



"(0) 



(2.8) 

1 

Ric w (0) = - ]T y 

(2.9) 
^(0) 

(2.10) 

r(z) = 



d 1 



Xj &Zjdzj&z s dzt 



(0)dz s A dzt 



^ d 2 logVe , 



,t=l 



dz s dz t 



a' 



s,t=l 



A s A t dz s dz s dz t dz 1 



iz)+0(\z\ 2 ) = -2n(Al ( p)( Z ) + 0(\z\ 2 ). 



(2.11) 



r z 



(2.12) 



n 1 



5V* 



e 



2 , 



dzjdzj 



[z) + 0(|z| 2 ) = -27r(A o logy )W + 0{\z\ 2 ). 



(A w r)(0) = 4tt 2 (A^)(0) - 8 |Ric w |* (0) - 4 (0). 
(2.13) 

(A w f)(0) = 4vr 2 (A 2 log V e )(0) - 4( i^ et , Ric w ) w (0). 
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Let f e C°°(X) 


. Then, 






(2.14) 


(D lfl df)(0) 


J,k=l J 




(2.15) 


(D^dfYQ) 




<S> ct2j. 


(2.16) 


(A./)(0) = 


-2vr(A /)(0). 




(2.17) 


(dA„f)(0) - 


= -27r(5A /)(0). 




(2.18) 


(0A W /)(O) = 


= -2tt(9Ao/)(0). 




(2.19) 


(KfM = 


47r 2 (A^)(0)+4(aa/,Ric w ) tJ (0). 


Proof. Let tj = 


ej{z), j = l,... 


, n, be an ort honor mal frame for T. 


(2.20) 






= 1, . . . ,n. 



1,0 



(It is easy to see that this is always possible.) From ( 12. 3p . it is not difficult to see that 

Rl X {e s , e t )e k = -^g= £ 1 ft (z)± + 0(\z\% V l<s,t,k<n. 
v AAA fc ^ Aj dz s dz t dzjdz k dzj 

Thus, 

(2.2!) ( H-(.„ e«,e t , «, >. = + O(tf)- 

From fT2T2T]) and ffTTTj) . (BTjl follows. 
Similarly, from (12. 3p . we can check that 

(2-22) T . ^ 



i Xj dzjdzjdz s dzt 



From (|222)1 . f!2TH|) follows. 

From (F23D, and the definitions of i^ 6 *, r, f (see (II. 9p . ( II. 8p ). we can easily get 

(ED, dZHDH, dZHD. 

Now, we prove (I2.13p . From (12. 4p . we can check that 
(2.23) 

(A w f)(0) = (A>g^e)(0) 

j.k — 1 



n 



^(-^^e, + 2. El l-||-^)),0) 

7,fc=l J 



= 4^1o g Ve,(0,-4^|: ^^^(0)^(0). 

J,fe,S = l J 

In view of ( 12. 9 p and (12. 8p . we see that 

(2.24) <««.,*?>.«» = £ ^^^ (0)^(0). 



J,fc,S = l 
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From this observation and (I2.23p . (12.131) follows. 

Now, we prove (I2.12p . We can repeat the procedure as (12.231) and conclude that 

(2.25) 

(A w r)(0) = (A^togy w )(0) 

d*d> 



= 4 7 r 2 (A 2 logK)(0)-4 7 r 2 £ -J- 

As d22U, we have 

(Ric WJ -951ogy w ) w (0)= 



(0)^(0). 



XjX k X s dz~jdz k &z s dz s dz~z k 



n 9 
7T 



(0)S^(0). 



' Xj\ h \ s dzjdz h dz s dz s dzjdz k 

j,k,s=l j j j 

Note that —99 log K, = Ric^. Thus, 

- 2 9V 



(2.26) 



7T- 



l Rlc ^L (°) 53 A,A fc A s dzjdz k dz s dz s dzjdz k 

j,k,s=l j j j 



(o / lo i% ). 



From ( 12. 5p . it is straightforward to see that 
(2.27) 

n 

(A 2 logK)(0) = (A^)(0)- J2 

s,t,j,k=l 



d 4 



(o)- 



9 4 



X s X t XjX k dz s dz t dz k dz k dz s dz t &Zjdz 3 



-(0) 



E 



s,t,j,k=l " " 3 

From (EHD and (f277) . we see that 

1 9 4 c 



9 4 



dz s dz t dz k dzj 



■(o) 



(2.28) 

and 
(2.29) 



E 

s,t,j,k=l 



(o)- 



9 4 



A s A t A,-Afc dz s dz t dz k dz k dz s dz t dzjdzj 



.(0) = i-|Ric^(0) 



7T" 



E 

s,t,j,k=l 



A., A* A, -A 



t^jA k 



9 4 



dz s &z t dz k dzj 



■(0) 



7T" 



From (jZZHD , (12T29|1 and (l2~27]) . we obtain 



(2.30) (Aq log V u )(0) = (A^)(0) - - |Ric w |* (0) - - (0). 



7T^ 



7T Z 



Combining RFM with and (ET25) . (M follows. 

In view of (ETC]) . (ED , we see that 

A w / = -2ttA / + O(|z| 2 ). 

From this, fl2~T6D . (TZTTp and d2~T8|) follows. 

The proof of (12.191) is essentially the same as the proof of (12.131) . 

From (12.21) . it is not difficult to see that aj tk = 0(\z\), j,k = 1, . . . , n, where aj )k , 
j, k = 1, . . . , n, are as in (11.141) . From this observation, (I2.14p and (12.151) follows. □ 



From Lemma 12.11 and Theorem 12. 2\ we deduce 

Corollary 2.3. With the notations used before, we have 

1 d*6 



(2.31) |RicX(0)=7r 2 



l<s,t ,j,k<n 



X t X s XjXk dzgdZfidztdzk dz^dzidztdz. 



(o)- 



9 4 



ZjUZjUZt<JZ k 



-(0). 
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(2.32) 



(2.33) 



(2.34) 



1^0*1! (0)=^ 



n 1 

5 AA 



s,t=l 



d 2 log^e 



n 1 

(i?| et ,RiC.U0)=7T 2 £ — 



dz s dz t 



(0) 



(o) ^ g J> ). 



AoAi.A s dzjdzjdzkdz s dz^dz 

j,k,s=l J J J 



r 2 (0) = 4tt 2 ^ 



<9 4 



(o)- 



a 4 



l<s,t,j,k<n 



\ t \ s \j\k dz t dz t dz s dz s dz^dz^&Zjdz 



-(0). 



Le£ f,g& C°°(X). Then, 
(2.35) 



(2.36) 
(2.37) 
(2.38) 
(2.39) 
(2.40) 



(2.42) 



(2.43) 



(2.44) 



(2.45) 



(2.46) 



(df,dr > w (0) = -27T 2 £ 1^(0) A (Ao log V e )(0). 



s=l 



; 1 9/. n . 9 



< 0/ , 3f > w (0) = -2vr 2 £ r ^(0)^(A log Vb)(0) 



s=l 



(df,dr) u (0) 



(df,dr) u (0) 



n 1 

E TTT 



(o)^(o). 



A.AfcAg dzjdzjdz k dz k dz s dz 

j,k,S=l J J J 



n 1 

E TTT 



(o)l^(o). 



A.AfcAg dzjdzjdzkdzu&Zs dz 

j,k,s=l J J J 



s,t=l 



(ddf,Ri CuJ U0) = -n 2 TT 



<9 4 



d 2 f 
(0)^(0). 



j,fc,s=l 



A,AfeA s dzjdzj&z~kdz s dz^dz. 



(2.41) (3<7A<9/,Ric w 



n 



a 4 ^ 



(0)l^(0)#(0). 



AjA fc A s dzjdz k dz s dz s dzj dz k 

j,k,s=l J J •> 



{ m ; , a*>.(o) = -L^ ( o)^-(o). 



937 (o)#(o). 



j,fe=l 



Aj A/j dzj&z jdzk &z,k 



<5/W,Sff)„(0) = -2^ £ 1 ^-(0)^(0). 



j,fe=l 
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Formula ( I2.48P below appears in [TSJ (5.80)]. For the convenience of the reader we 
give the details here. 

Proposition 2.4. Let f,g e C°°(X). We have 

(2.47) AMg) = (A u f)g + {A u g)f - 2( df , dg) u - 2( df ,dg) u 

and 
(2.48) 

Al(fg) = (A 2 J)g + (A^)/ - 4( «9A W / , ^> w - 4( 3A„/ , - 4( , 9/ > tt 

- 4(dA u g,df) u + 2(A W /)(A W ^) + 8(ddf,ddg) u + 4( D 0,1 df , D ' 1 ^ 
+ 4( J D 1 -°a/, J D 1 ' %) w + 4(a/A^,Ric w ) w + 4(^Aa/,Ric w ) aJ . 

Proof. From ( 12. 2 p and (|2.4|) . we can check that 
(2.49) 

A. (/ ,)(0) = -2.((A o/ ), + (Atf)/)(0) - 2. g ^(g(O)^(O) + g(0)g(0) 

= (A w /)(0)^(0) + (A^)(0)/(0) - 2( 5/ , 9^(0) - 2(3/ ,9^(0). 

(I2T47P follows. 
Now, we prove (12.481) . In view of (I2.19p . we have 

(2.50) 

A*(/<?)(0) = ^ 2 A 2 (fg)(0) + A(dd(fg) , Ric w ) u (0) 

= 4n 2 Al(fg)(0) + 4( gddf + fddg + df A dg + dg A df , Ric u ) w (0). 
It is straightforward to see that 
(2.51) 

A S (/ 9 )(0) = (A S /)(0) j( 0) + (/&)<0)/<0) + 2 £ ^5^(0)^(0) 

7,fc=l 3 3 ^ 



+ 2 y J ^ (Q) gg (Q) + 2 -J ^_( )-^(0) 

dzjdzjdzk dz k ^ A 3 A fc dz j dz j dz k dz k 

+ 2 £ T^SriWfOl^fO) + 2(Ao/)(0)(A„ 9 )(0) 



, =1 AjA fc dzjdzjdzk dz k 

+ 2 V J ^-(0)^-(0) + V J— gj-(Q) ^ (0) 

^ AjAfc 9^^- 9^9^- ^ AjAfc 9^9^ dz k dzj 

+ i j__av_ (0) j» g _ (0) _ 

f-^\j\kdz k dzj dz k dzj 

Combining (I23T]) with (I233D, (EBD, (E3SD and we obtain 

(2.52) 

Ag(/^)(0) = (Ajj/)(O)0(O) + (Ajfe)(0)/(0) - - 2 { dA^f , dg) u (0) 

- ±(dA u f ,dg) u (0) - -^(dA u g,dJ) u (0) - \{ dA u g , df) u {0) 

7T Z 1T Z 7T Z 



2(A /)(0)(A y)(0) + - 2 (ddf, dd§) u (0) + - 2 {D l $df , D^d§) u {0) 

7T 7T Z 



7T 2 
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From f[2"32"j) . f[23Uj) and (ESP , it; is straightforward to check that 
(2.53) 

A£(/s)(0) = (A 2 J)(0)g(0) + (Afo)(0)/(0) + 4:(df A dg + dg A df , Ric w > w (0) 

- 4( dA w / , ^) w (0) - 4( M w / ,^> w (0) - 4( aA wfl , a/) w (o) 

- A(dA u g,df) u {0) + 2(A W /)(0)(A W ^)(0) + %(8df ,ddg) u (G) 
+ 4( D 1,0 df , D^dgUO) + 4( D 0,1 d/ , -D 0,1 <9(/) w (0). 

From f l233|) . (jZ3BD follows. □ 



3. The phase function version of the asymptotic expansion of the 
kernel of berezin-toeplitz quantization 

In this section, we will establish the phase function version of the asymptotic expan- 
sion of the kernel of Berezin-Toeplitz quantization which is important in our computa- 
tions. 

We first review the phase function version of the asymptotic expansion of Bergman 
kernel. As in section 1.3, let FI^ be the Bergman projection and let II^ k \x,y) £ 
C°°(X x X, Ly M L k ) be the distribution kernel of FI^ k \ Let s be a local trivializing 
section of L over an open set Del, \s\ 2 = e~ 2 *. Then on D x D we can write 

n^(x,y) = s(x) k n^(x,y)s*(y) k , 

where n s {k \x,y) £ C°°(D x D) so that for x £ D, u £ C^(D,L k ), 

(n^u)(x) = s(x) k I n^(x,y) < u(y),s*(y) k > dv x (y) 

(3.1) Jx 

= s(x) k n s ^(x,y)u(y)dv x (y), u = s k u, ueC^(D). 
Jx 

Let F(x, y) £ C°°(D x D). We say that F is properly supported if Supp F C D x D 
is proper. That is, the two projections: t x : (x, y) £ Supp F — > x £ D, t y : (x,y) £ 
Supp F — > y £ D are proper (i.e. the inverse image of every compact subset of D is 
compact). 

Catlin [1] and Zelditch [19] established the complete asymptotic expansion for n s {k) on 
the diagonal by using a result of Boutet de Monvel-Sjostrand [2] for the asymptotics 
of the Szego kernel on a strictly pseudoconvex boundary, here on the boundary of 
the unit disc bundle and a reduction idea of Boutet de Monvel-Guillemin [3J. Dai- 
Lui-Ma [5], Berman-Berndtsson-Sjostrand pQ and Ma-Marinescu [13] obtained the full 
off-diagonal expansion for e - k <t>{ z )+ k <t>( w ) rj( k ^ z ^ w) by using different methods. Hsiao- 
Marinescu [H] established the full off-diagonal expansion for the Bergman kernel for 
lower energy forms without the assumption that L is positive. When L is positive, we 
deduce the full off-diagonal expansion for the Bergman kernel. More precisely, we have 
the following 

Theorem 3.1. We recall that we work with Assumption \l . li With the notations used 
above let D C X be an open set with holomorphic coordinates z = (zi,...,z n ) and 
let s be a local trivializing section of L on D C X and \s\ 2 = e~ 2 ^. We also write 
w — (u>x, . . . , w n ). Then, 

(3.2) e -hKz)+hKw) n (h)^ w j = e ifc*(*,«) 6 ^ s W; q mod o(k-°°) on D x D, 



15 

where b(z, w, k) £ C°°(D x D) is properly supported and 



b(z, w,k) = Y^ k n ' j bj(z, w) mod 0(k~°°) on D x D, 

(3.3) 3=0 

b j (z,w)eC°°(DxD), j = 0,1,2,..., 

d z bj(z, w) and d w bj(z, w) vanish to infinite order at z = w, for all j = 0, 1, . . 

V(z,w) £ C°°(D x D), ty(z,w) = -$(w,z), Im* > c|^-w| 2 ; c > 0, * = if 
amd only if z = w. Moreover, for a given point p £ D, if we take local holomorphic 
coordinates z = (z\, . . . , z n ) vanishing at p, then we have 



(3.4) *(*,«,) = i(0(*) + *(«,)) -2i £ - *±(p) +0 {\{z,w)\ 

a,/3eN ,|a| + |/3|<Af P 

for every N £ No- 

From (I1.17P and Theorem 13 .![ we deduce: 

Corollary 3.2. With the notations used above let D C X be an open set with holo- 
morphic coordinates z = (zi,...,z n ) and let s be a local trivializing section of L on 
D C X. We also write w = (wi, . . . ,w n ), u = (ui, . . . ,u n ). Let f £ C°°(X). Then, we 
have 
(3.5) 

e -fc*M+**(«M*)(3 >u; )= f e ik{ * {z > u)+iS ' {u ' w)) b(z,u,k)f(u)b(u,w,k)dVx(u) mod 0(k~ cc 

Jd 

on D, where b(z, w, k) £ C°°(D x D) and ^f(z, w) £ C°°(D x D) are as in Theorem \3.1[ 

In particular, we have 
(3.6) 

Tf\z) = J e ik{ * {z > u)+ * (u ' z)) b(z,u,k)f(u)b(u,z 1 k)dV x (u) mod 0(r°°) on D. 

We remind that the kernel Tj k ^(z,w) is given by (jl.l8p . 

Now, we study the kernel e -*)+^HT®( z, w). Until further notice, we work on D. 
We write z = x = (x x , . . . , x 2n ), zj = x 2j -i + ix 2j , j = 1, . . . , n, w = y = (y t , . . . , y 2n ), 
Wj = y 2 j-i + iy 2 j, j = 1, • • • , n, u = a = (ai, . . . , a 2n ), Uj = a 2 j-i + ia 2jl j = 1, . . . , n. 
Put 

F(x, a, y) =: i^f(x, a) + i"$?(a, y). 

Since ^f(x, a) = —^f(a, x), we have F(x, a, x) = — 21m ^f(x, a). Note that Im *&(x, a) > 
and Im\I/(x, x) = 0. From this observation, we can check that 

d a F(x, a, y) \ x=y=a = -2 Im d a ^(x, a) \ x=a = 0. 

Moreover, from (13.41) . it is not difficult to check that 

Q2p \ 2n 



det 



da j dak 



j,k=i 



2 2n (det R L {x)) . 



x=y=a 



Thus, x = y = a are real critical points and F(x, a, y) is a non-degenerate complex 
valued phase function in the sense of Melin-Sjostrand [T7]. We can apply the stationary 
phase formula of Melin-Sjostrand [T7] to carry out the integral in (13. 5 p and obtain 

(3.7) e- k ^ x)+k ^ y) T<f]{x,y) = e ik ^ x ' y) b f {x,y,k) mod 0(k~°°) on D x D, 
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where bf(x,y,k) G C°°(D x D) is properly supported, 

oo 

b f (x,y,k) = y"k n - j b jf {x,y) mod 0(k~°°) on D x D, 

(3.8) 

b j , f (x,y)eC 00 (DxD), 3 = 0,1,2,..., 
and &(x,y) G C°°(D x D), Im^ > 0, i?(x,x) = 0. We claim that 

(3.9) *&(x,y) — &(x,y) vanishes to infinite order at x — y. 
Let / = 1 and notice that the phase \& is independent of / and 

(3.10) e -kJ>(a>)+kcf,(y) T (k)( x ^ ^ = e -Wx)+hm n {k)^ y y 

From this observation and (13.21) . we conclude that 

(3.11) e ik ^k(x, y, k) = e ik ^b(x, y, k) + G k (x, y), 

where Gk(x,y) = mod 0{k~°°). That is, for every N G M , every a, ft G Ng™ and 
every compact set K C D, there exists a constant Cjv, a ,K > independent of A;, such 
that 

x,y £ K, for A; large. We assume that there exist ao> A) G Nq" and (xo^o) E D x D, 
such that 



d%°dP°(i^(x,y)-M(x,y)) 



and 



(zo.zo) 



. — Ca ,/3o 7^ 0, 
(a;o,a;o) 

if |a| + < \a \ + \(3 \ 



d2tf(i*{x,y)-M{x,y)) 

From f)3.1ip . we have 

d^d^(e im ^- ik ^ x '^b(x,y,k) - h(x,y,k) 
(3-12) . 

= -fl^^(e^' fc *<*^G A (a;,2,) 

Since ^(x , x ) = 0, we have 



(so, so) 



(so .so) 



(3.13) 



lim AT"" 1 d%°dP°(e- ik *( x ' y) G k (x,y) 



On the other hand, we can check that 
(3.14) 

lim k- n - x d%°dP° ( e ik *^y)- ik *(*>y)b(x, y, k) - bAx, y, k) 

k— »oo * 



(xo,xo) 



(x ,x ) 



0. 



C ao ,/3 bo{xo, xq) 7^ 



since b (x ,Xo) 7^ 0. From (13.131) . (13.141) and (13.121) . we get a contradiction. The claim 

m follows. 

From (13.91) and the global theory of Fourier integral operators [T7j, we can replace 
the phase by Thus, 

(3.15) e -fc*(*)+Mv)rW( ;Ej y ) = e^^bfix, y, k) mod 0(k~°°) on D x D, 
where bf(x,y,k) G C°°(D x D) is properly supported, 



(3.16) 



6/(z, y, fc) = ^ k n - j bjj{x, y) mod 0(k~°°) onDxD, 

yi,n)Gr(Dxi}), j = 0,1,2,.... 



17 



We claim that 
(3.17) 

d z bjj(x, y) and d w bjj(x, y) vanish to infinite order at x = y, for all j = 0,1, . . .. 

In view of (13 .4p . we see that d z (i^(x,y) + <fi(x)) vanishes to infinite order at x — y. 
From this observation and notice that d z Tf )S (x,y) = 0, we conclude that 



(3.18) 



e**(»>v)d z b f (x,y,k) = H k (x,y), 



where H k (x,y) = mod 0{k °°). We assume that there exist 70, £ Nq" and 
(xi,Xi) e D x D, such that 



(xi,xi) 



and 



^(flA/fov))!^, = if l7l + 1*1 < l7o| + \s \. 



From f)3.18p . we have 

(3.19) dTd s j(d z b f (x,y,k) 

Since ty{xi,x\) = 0, we have 
(3.20) 



(xi,xi) 



d2°d 5 v °(e- ik ^H k (x,y) 



(xi,xi) 



lim k~ n dfd s °(e- ik * {x ' v) H k (x,y) 



(xi,xi) 



0. 



On the other hand, we can check that 



(3.21) 



lim AT" flgofl* (fl^x, y, fc)) = D J0 s ± 0. 



From (I3.2ip . (I3.20p and (13.191) . we get a contradiction. Thus, d z b j(x,y) vanishes to 
infinite order at x = y. Similarly, we can repeat the procedure above and conclude 
that d z bjj(x,y) and d w bjj(x,y) vanish to infinite order at x — y, j — 0, 1, . . .. The 
claim ( I3.17|) follows. 

Summing up, we obtain the phase function version of the asymptotic expansion of 
the kernel of Berezin-Toeplitz quantization 



Theorem 3.3. We recall that we work with Assumption ] 1. 11 With the notations used 
above let D C X be an open set with holomorphic coordinates z = (zi,...,z n ) and 
let s be a local trivializing section of L on D C X and \s\ 2 = e~ 2 ^ . We also write 
w = (wi, . . . ,w n ). Let f G C°°(X) and let Tj k ^(z,w) be as in (11.181) . Then, 

(3.22) e -H(z)+k4>(w) T (k)^ w j _ e iM(z,w) bf fa Wj q mod o(k~°°) on D x D, 

where bf(z, w, k) G C°°(D x D) is properly supported and 
(3.23) 

00 

b f (z, w,k) = J2 kn ~ j hf( z , w ) mod 0(k~°°) onDxD, 
3=0 

b 3j (z,w)eC 00 (DxD), j = 0,1,2,..., 

d z bjj(z, w) and d w bjj(z, w) vanish to infinite order at z = w, for all j = 0,1,. . ., 
and $f(z,w) G C°°(D x D) is as in Theorem \3.1\ 
From Theorem 13.31 we deduce: 
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Corollary 3.4. With the notations used above let D C X be an open set with holo- 
morphic coordinates z = (zi, ... , z n ) and let s be a local trivializing section of L on 
D C X. We also write w = (wx, . . . ,w n ). Let f,g £ C°°(X). Then, we have 
(3.24) 

(Tf ] o TW)(z) = [ e <*(*(*.«)+*(«,*)) 6/ (^ j Wj k)b g (w, z, k)dV x (w) mod 0(k~°°) 
Jd 

on D, where bf(z, w, k), b g (w, z, k) £ C°°(D x D) are as in Theorem \3.3[ and ^(z, w) £ 
C°°{D x D) is as in Theorem{3Jl 



4. The coefficients of the asymptotic expansion of the kernel of 

Berezin-Toeplitz quantization 

Let / £ C°°(X) and let b jtf , j = 0,1,.. ., be as in f)1.19p . Fix a point p £ X. In 
this section, we will give a method for computing bjj(p), j = 0,1,..., and we will 
compute the first three terms explicitly. Near p, we take local holomorphic coordinates 
z = (zi, . . . , z n ), Zj = X2j-i + ix 2 j, j = 1, . . . ,n, and local section s defined in some 
small neighborhood D of p such that (12.11) holds. Until further notice, we work with 
this local coordinates z and we identify p with the point x = z = 0. 

In view of ( 13. 6p . we see that 

(4.1) Tf } (0) = / e i*(*(o,*)+w(*,o)) 6 ( 0j ^ k ^ 0) k)f(z)V e (z)dX(z) + r k , 



D 



where d\(z) = 2 n dx\dx2 ■ ■ ■ dx2 n , Ve is given by (11. 7p and 

lim ^7 = 0, ViV > 0. 

fc->oo k" 

We notice that since b(z, w, k) is properly supported, we have 

(4.2) 6(0, z, k) £ C™(D), b(z, 0, k) £ C™(D). 

We recall the stationary phase formula of Hormander (see Theorem 7.7.5 in [8]) 

Theorem 4.1. Let K C D be a compact set and N a positive integer. If ' u £ C^°(K), 
F £ C°°(D) and ImF > in D, ImF(0) = 0, F'(0) = ; detF"(0) ^ 0, F' ^ in 
K \ {0} then 



(4.3) 



/ e ikF ^u(z)Ve(z)d\(z) -2 n e ikF ™det f^y^) 
J \ 717 / j<N 



< Ck- N su P|d>l> k > 0, 

\a\<2N 



where C is bounded when F stays in a bounded set in C°°(D) and jpr^ has a uniform 
bounded and 

(4.4) L 3 u = E rijr " < ^'(O^D, D >» ^V*-*)®) 



u—/j,=j 2v>3/i 



Here 



(4.5) h{x) = F{x) - F(0) - - < F"(0)x, x > 



and D 
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Now, we apply ( 14. 3 p to the integral in (14. ip . Put 

F(z) = V{0,z) + #(z,0). 
From ( 13. 4p and ( 12. ip . we see that 

n 

F{z) = 2i V A,- \zA 2 + 2%<j>x{z) + 0(\z\ N ), ViV > 0, 

(4.6) U 

h(z) = 2ict) 1 (z) + 0(\z\ N ), ViV>0, 
where h is given by (14. 5p . Moreover, we can check that 

(4.7) det ( kF ^ ^j 2 = k~ n TT n 2- n X^ A^ 1 • ■ ■ A" 1 = k'V ( det R L (0)) _1 
and 

(4.8) < F"(0)- 1 D,D>=tA . 



We recall that A is given by From (Q|l and notice that ft = Oflz| ), it 

is not difficult to see that 

(4.9) L jW U W ,,0,*>/) = £ E (- 1 )^- A'(^W0,»t) 1 (»,0, t )/)(0) 

v—\x=j 2v>4ji 

where L,,- is given by ( 14. 4p . We notice that 

oo oo 

b(0,z t k) =J2 b A°^ z ) kn ' j mod 0{k-°°), b(z,0,k) = J2 b j( z >°) kn ~ j modO(A;- 00 ). 

3=0 3=0 

From this observation, (14. 9 p becomes: 
(4.10) 

Lj(b(0,z,k)b(z,0,k)f) 



E E E ( i ) r' fcaB "'" tA ° (W6 ' (M)it(z ' (1))(()) i o(fc 

v-ii=j 2v>4fi 0<s+t<N 



2n-N-U 



for all A r > 0. From (ICTD . (TC7D, gSD and fj4TTjl . we get 

T) fc) (0) = (27r) n (deti? L (0))- 1 x 

(4.11) f>-( E E E E ( ir2 - m A o(^eA(M)M^))(0) 

j=0 0<in<j u—fj,=m 2v>4[i s+t=j—m ^ 

+ 0{k n - N - 1 ), VN>0. 
Combining (14.111) with (j!.19p . we obtain 

Theorem 4.2. For bjj, j = 0, 1, . . in (11.191) . we have 
(4.12) 

Mo) 

^ndeti^o))-^ E E E 

0<m<j u—fj,=m 2i/>4/j s+t=j—m ^ 

for all j = 0, 1, . . .. 

In particular, 

(4.13) M0) = (27r) n (det i? L (0)r7(0)&o(0, 0) 2 , 
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(4.14) 
and 



MO) = (2vr) n (det J R L (0))- 1 (2/(0)6o(0, 0)^(0,0) 



+ ±A o (V e fb {0,z)b (z,0))(0) - ^A 2 (^VeMO, z)b (z : 



(4.15) 



b 2J (0) = (27rr(det J R L (0))- 1 (^2/(0)6 (0,0)6 2 (0,0) + 7(0)^(0, 0) 2 
+ l - A (V @ f(b (0, z)h(z, 0) + h(0, z)b (z, 0))) (0) 
- -A^Fq/MO, z)h(z, 0) + h (0, z)&o(z, 0))) (0) 
+ gAo(Ve/& (0, «)6o(-z, 0)) (0) - ^ (0^ A,(0, *)&o(*, 0)) (0) 
+ ^-A^lVefb (0,z)b (z,0))(0) 

4.1. The coefficient b j. We notice that when / = 1, &o,/(0) = b (0,0). From this 
observation and (I4.13p . we obtain 

6o(0,0) = (2 7 r)"(det J R L (0))- 1 6 (0,0) 2 . 

Thus, 

(4.16) bo(0,0) = (27r)- n deti? L (0). 
Combining (I4.16P with (I4.13p . we get 

(4.17) 6 ,/(0) = (27r)- n det R L (0)f(0). 
From this, follows. 

4.2. The coefficient b\j. In view of f )4.14p . we see that to compute &i,/(0) we have 
to know which global geometric functions at z = equal to A o (Ve/&o(0, z)bo(z, 0)) (0) 
and A 2 (0i1/ e /6o(O,2)6o(^,O))(O). Now we compute A (Ve/&o(0, z)b (z, 0)) (0). First, 
we need 



Lemma 4.3. We have 
db o (z,0) 



(4.18) 



(4.19) 
d 2 b (z,0) 



dz s 
db (0,z) 



dV, 



-(27r)-"det (0)^(0), 



2=0 



2=0 



9V ( 



s = 1, . . .,n, 



■(27r)-"det (0)^(0) 



dz s dz t 
d 2 b (0,z) 



dz s dz t 



2=0 



2=0 



d 2 V« 



W -. det « I(0)(2 ^ ( 0)^(0)-^-(0)), 



S,t = 1, 



(4.20) 



c^+l%(0,,2) 



dz-ydz 6 



2=0 



2 = 



Proof. In view of (13. 3p . we see that 
(4.21) 9AM) = 0(1^), 

From (OT]) . (m follows. 



0, V«,/3g^, |/3|>0, 



0, V 7 ,5eNS, | 7 |>0. 



a z 6 (o,«) = o(N JV ), viv>o. 
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From f!4.16p . we see that 
(4.22) b (z,z) = (2n)- n det R L (z) = V^z) {V^z))' 1 . 

In view of ( 12. ip . we see that 



(4.23) 



dz a v ' dz a 
From (g^ZD , (TC2T]) and ( T4T23]) . we have 



''(0) = ^(0) = 0, Va G Nq. 



(4.24) 



dz' 



d^b (z,z) 



dWb (z,0) 



2=0 



dz a 



-i 



2=0 



2=0 



(27ry n detR L (0)—{V e (z)) 



-i 



2=0 



ai Q i6 (o,^) 



2=0 



02° 



o\ ( - 



2=0 



K,(0) ^(Ve^y 1 



(2n)- n detR L (0)^-{V e (z))- 1 



2 = 



dz° 



for all a G Nq. We can compute 



(4.25) ^(Ve(z))- 1 



2=0 



^-(0), W (Ve(z)) 



d 2 



dz s dz t 



dz s dz t 



{Veiz))- 1 



2=0 

2l 



2=0 



dV e 

dz s 



2^(0)^(0) -*£-<0), 



2=0 



2=0 



dz s dz t 



o2 s oz 4 az s oz t 



(0), s = l, 



s, t = 1, . . . , n. 



From (OSjl . gSSD and (lCTjl . we obtain (T4TT5]) and ( 109]) . 
From (I4.18P and (14.201) . it is straightforward to see that 

^ Ao( W ,^,0))(0) = g^(^(0) 

+ (A /)(0)fe (0,0) 2 



□ 



e 



(92,- 



(0) 



6 (0,0) 2 /(0) 



Combining g^ZD with (l2TTTj) . ( l2TT6|) and d4TT6|) . we get 

(4.28) 

A (V @ fb (0,z)b (z,0))(0) = (- J-f(0)/(0) - ^(A w /)(0))(27r)- 2 "(det i? L (0)) 2 . 



2vr v " v ' 2tt 

Now, we compute Al(^(p 1 VQfb (0,z)b (z,0))(0). Since 0i = 0(|,z| 4 ), we have 

Aq (0i Ve/&o(0, z)&d(*, 0)) (0) = (A 2 0x) (0)/(0)&o(0, 0) 2 

-(A 2 0)(O)/(O)6 O (O,O) 2 
" _L_ 



(4.29) 



s,t=l 



A s A t dz s dz s dz t dz t 



(0)/(0)6 (0,0) 2 . 



Combining (l4T2"9]) with (12TTU]) and (ESJ), we get 

(4.30) A 2 (0 1 Ve/bo(O,^)f>o(^O))(O) = -i- r (0)/(0)(27r)- 2 "(det ^(O)) 2 . 
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From pi) . flUgp , (jOSD and ffl~3Uj) . we conclude that 
(4.31) 
&i,/(0) 

= 2/(0)^(0,0) + (27r)-"det i? L (0)( - -U(0)/(0) - -^(A„/)(0) + ^r(0)/(0)). 
Let / = 1 in (14.31 j) and notice that when / = 1, 6i,/(0) = &i(0, 0), we deduce 



(4.32) ^(0,0) = (27r)-"det^(0)^-f(0) - — r(0)J. 
Combining (I4.32[) with (I4.3ip . we obtain 

(4.33) ^(0) = (2 7 r)-det J R i (0)(^f(0)/(0) - ^r(0)/(0) - ^(A./)(of 
From p{| . ffl~23|) follows. 

4.3. The coefficient 6 2 ,/- To know 62,/ (0), we have to compute 

A o (V Q f(b o (0, z)b x {z, 0) + &i(0, z)b (z, 0))) (0), 

Ag(^y e /(6o(0, 0) + bxCO, z)bo(z, 0))) (0), 

Ag(VeA)(0, z)6o(z, 0)) (0), Ag(0iVe/6o(O, z)6 (z, 0)) (0), 

A*(^Fe/6d(0,z)6d(^0))(0). 
(See dUS]).) First, we compute A (V r e /(&o(0, 2)61(2, 0) +&i(0, z)b (z, 0))) (0). We need 
Lemma 4.4. For s = 1, . . . , n, we have 



(4.34) 



and 



(4.35) 



dz s 
dh(0,z) 



2=0 



.M0,0)^(0) + (2,rdet^(0)(^(0) 1 * 



8/T <9z t 



(0) , 



dz R 



r _ W 0,0)^(0) + (2.)-"det^(0)( 4 ^ 
9l«l+l^l6i(2,0) 



(0) - 5- or 



87T <9z. 



<9^+l%(0,2) 



dz-y&z d 



2=0 



2 = 



0, Va,/3eNo\ |/3|>0, 



0, v 7 ,^n; | 7 |>0. 



Proof. In view of (I3.3p . we see that 



|2Vn 



d.AM) = o(M 

From this observation, (I4.35P follows. 
From (I4.32p . we see that 



dM0,z) = O(\z 



ViV > 0. 



(4.36) 



b^z) = (2n)- n det R L (z)(^r(z) - i r (; 

V47T o7T 

= K,(2)(^e(2))- 1 (^r(z)-i-r(,)). 



Note that g^(0) = §^(0) = 0, s = 1, . . . ,n, V @ {0) = 1. Thus, for s = 1, . . . , n, 



dbi(z,z) 



dz. 



dh(z,0) 



2=0 



dz s 



(here we used (14.351) ) 



2=0 



_d_ 

dz.. 



V u (z){V e (z))-\±t(z) - ±+(z))) 



2=0 

_ M0 , 0)^(0) + (2,)-»de t ^(0) (if (0) ^ 



1 dr 



(0) 



Similarly, for s = 1, . . . , n, we have 
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2=0 



dV 

-&i(0,0)-^(0) + (27r)-"det J R i (0) 



47T dz s 



8"7T <5z s 



(Olj) follows. 



□ 



From Lemma [4.31 Lemma [4.41 and (14.161) . it is not difficult to calculate that 



(4.37) 



A (V e f(b (0, zMz, 0) + 6x(0, z)b {z, 0))) (0) 

dVp, 



1 / 



Aj \dzjdzj 



(o)- 



(0) 



6o(0, 0)6i (0,0)/ 



n 1 r} 2 f 



+ (2tt) 



-2ri 



1 1 , (9 f . , <9r . , 9 f , , dr , s N 



From (12.21) . we can check that 



(4.38) 



1 1 , 9 f . , df , , 9 f df . . v. 1 \ ,df , s dr , s d f , . dr , , 

s ^(^ 0) s- (0 » + s- (0) ^ (0)) " s g aM (0) &- (0) + 4 (0) s; (0)) 

1 



1 



, /t2 ( 5/ , dr > w (0) + JL ( 9/ , df > u (0) - ^ ( 9/ , ar > w (0) s ^ 



(df,dr) u (0). 



From fl2TTT]) . fT2TT6|) . (jQ5jl . (Q2]l . fl4T38|) and (OTjl . we obtain 



(4.39) 

A (Ve/(&o(0, 0) + 6i(0, z)b (z, 0))) (0) 

= (27r)- 2 "(deti? L (0)) 2 



' (r) 2 (o)/(o) 



+ — r(0)(A w /)(0) 



47T 2 W V V 47T 2 

1 (df,&) u (0) + ±(df,W) u (0) 



' r(0)(A w /)(0) + -i 5 r(0)f(0)/(0) 



4?r 2 



4tt 2 



1 

8^ 



(df,dr) u (0) 



8tt 



■(df,dr) u (0) 



As flCTj) . PD| . we can check that 



(4.40) 



AjK&Ve/MO, z)h(z, 0) + 6x(0, z)6o(z, 0))) (0) 
= --r(0)/(0)6 (0,0)6 1 (0,0) 

7T 

= (2 7 r)- 2 "(det J R i (0)) 2 (- ^r(0)f(0)/(0) + ^ 2 (0)/(0) 
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Now, we compute A^Ve/fy^O, z)b (z, 0)) (0). From Lemma |4T3"| ( I4.16P and some 
straightforward but elementary computations, we can check that 



(4.41) 

A 2 (Vefb (0,z)b (z,0)){0) 

= (27r)^(det J R i (O)) 2 /(O)((A2logy )(O) + (AologFe) 2 (O) + £ T" ' " " 



A q At 



dz,dz t 



(0) 



+ (2vr)- 2 "(det ^(O)) 2 (2 £ 1|£(0) J- (A log V e ) (0) 

+ 2 E rlr (0) ^r ( A ° log Ve ^ (0) + 2 ( Ao/ ) (0) ( Ao log Ve ^ (0) 

s=l s s s 



-E^^(o»^(o) + K/)«o, 

s,t=l 

Combining (I4.4ip with Theorem 12.21 and Corollary 12. 3\ we obtain 
Al{Vefb (0,z)b (z,0))(0) 

= (2vr)- 2 "(det R L (0)) 2 f(0) ( JL (A„f) (0) + ^(R d e et , Ric w > u (0) 



(4.42) . / 1 _ _ 1 

+ (27r)- 2n (det R L (0)) 2 (- (df,drU0)--(df,dr > w (0) 

+ 2^r(0)(A w /)(0) - ^< W,i2g*>«(0) 
-l(^/,Ric.) w (0) + i ^(A 2 /)(0)). 

Now, we compute Ag(0iV e &o(O, 2)60(2, 0))(0). Note that fa = 0(\z\ 4 ) and ^^(0) = 
if \a\ < 1 or \/3\ < 1, a, f3 G Nq. From this observation, Lemma [4.31 ( I4.16P and some 
very complicate but elementary computations, we can check that 

Aq (<f>iVefb (0, z)b (z, 0)) (0) 

= (27r)- 2 "(det i? L (0)) 2 /(0) ((Ajfr) (0) + 3(A 2 </>) (0) (A log V e ) (0) 

+6 y 1 (o) a2lQgye (o) 

. f-^ A,A fc A s dzjdzjdz k dz s dz k dz s 
+ (27r)- 2 "(det i^(0)) 2 (3 ( A 2 0) (0) ( A /) (0) 

(4 ' 43) A 1 9V , , d 2 f , s 

f- < \j\ k \ s dzjdzjdz k dz 8 dz k dz s 

J,K,S—L 

+3 y 1 ^ (0) g/ (0) 

.f-^ XjXkXa dzjdzjdzkdzkdz s dz s 
f- ' XjXkXsOZjdzjdzkdzkOZs &z s 
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Combining (I4.43P with Theorem 12.21 and Corollary 12.31 we obtain 
Ag(0iVe/6d(O^)6o(2,O))(O) 

= (27r)- 2 "(det R L (0)ff(0) (^(A.r)(0) + 1 |Ric.| 2 (0) + 1 (0) 

3 6 
(4.44) + 4^r(0)f (0) + ^( Ric w , iig* > w (0) 

+ (27r)- 2 "(det J R i (0)) 2 (A r(0 )(A w /)(0) - ^(39/ .Ric^O) 

- Ja<3/» w (0)-2^(3/,5r> u (0)). 

Now, we compute Ag(<^Ve/6o(0, 2)60(2:, 0))(0). It is straightforward to calculate 
that 

(4.45) 

A^jVefboiO, z)b (z, 0)) (0) = /(0)6 (0, 0) 2 (A&j) (0) 



l<s,t,j,k<n 



+ 6 £ m 



&Zjdz s dz t dz 



El (9 4 <9 4 </> \ 

X t X s XjXk dz t dz t dz s dz s dz k dz k dzjdzj ) 

l<s,t,j,k<n J J J 

Combining (14.451) with Theorem 12.21 and Corollary 12. 3} we get 

A 4 (0 2 WMO,z)boM))(O) 
(4 ' 46) = (2 7 r)- 2 "(det J R L (0)) 2 /(0)(^ |Ric w | 2 (0) + A (0) + ^r 2 (0) 

From (TCT5D, dHSD, (JH32D, flCTjl . f lOOj) . g22D, dUMD , (ESSD and some elementary 
computations, we get 

(4.47) 

6 2>/ (0) = 2/(0)65,(0,0) + (2 7 r)-"/(0)deti? i (0)(- ^(f) 2 (0) + ^r(0)r(0) 



7^(0) + ^i(M(o) - ^(Ric.,^).(o) + JL \n?\l 



' ^ A ^ (0) + 24^ lRiC ^ (0) - 96^ \ R « X \« (0) ) 



96tt 2V w /v ' 24tt 2 1 " lwV ' 96tt 2 
(2tt)-" det i? L (0) ( - JLf (0) (A,/) (0) + ^r(0) (A*,/) (0) 

1 : ( «9/ , flg* ) u (0) + -L< S0/ , R ic u ) w ( ) + JL (A 2 /) (0) 



4tt 2X J ' w y 8vr 2N J ' -""'/"^ 3 27r 2 
Let / = 1 in (I4.47P and notice that when f — 1, 6 2i /(0) = 62(0, 0), we deduce 

63(0,0) = -(27r)- n det i? L (0)(- ^(r) 2 (0) + 3^r(0)r(0) - ^^(0) 

( 4 - 48 ) + 3^2 (M(°) " ^(^. ,<).(0) + JL |^| 2 (0) 



A w r)(0) + ——7 |Ric J 2 (0) - — -r |^ x | (0) 



96tt 2V /w 24tt 2 1 w 96tt 2 
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Combining f)4.48p with f!4.47p . we obtain 
(4.49) 

MO) = (2vr)-/(0)det^(0)(^(f) 2 (0) - ^(0)r(0) 

- 2 (0) " i(A,r)(0) + ^(Ric. ,Hi et U0) - \l&\ 2 u (0) 



128tt 2 v ' 32vr 2V " yw 8tt 2 v w /u,v ' 8tt 2 

+ J— (A w r)(0) - — ^ |Ric J 2 (0) + — ^- |i£ x | 2 (0) 
96tt 2V a; 24tt 2 1 lwV 7 96tt 2 1 u 

+ (2tt)-" det #(0) ( - JL*(0) (AJ) (0) + ^r(O) (Aj) (0) 

1 'aa/ , ^ et > w (o) + ^{ddf, mc u > w (o) + — ^ (Afj) (o) 



4tt 2X j ' w /u,v y 8tt 2X j ' 327r 2 
From (14 .49 p . we get (ll.24p . Theorem 11.41 follows. 



5. The coefficients of the asymptotic expansion of the kernel of the 
composition of two berezin-toeplitz quantizations 

Let f,g e C°°(X) and let b jJ)g , Cj(f,g), j = 0,1,..., be as in (OH]) and ffL2Tj) 
respectively. Fix a point pel. In this section, we will give a method for computing 
bjj >g (p), Cj(f,g), j = 0,1,..., and we will compute the first three terms explicitly. 
Near p, we take local holomorphic coordinates z = (z±, . . . , z n ), Zj = x<ij-\ + i%2j, 
j = 1, . . . , n, and local section s defined in some small neighborhood D of p such that 
(12.11) holds. Until further notice, we work with this local coordinates z and we identify 
p with the point x = z = 0. 

In view of Corollary I3.4[ we see that 

(5.1) (Tj fc) oTf)(0)= ( e"W°*>+*<*^0, ^ 



D 



where d\(z) = 2 n dxidx 2 ■ ■ ■ dx 2n , Vq is given by (I1.7P and 

lim ^4 = 0, ViV > 0. 

fc->oo k" 

We notice that since bf(z, w, k), b g (w, z, k) are properly supported, we have 
(5.2) b f (0,z,k)EC^(D), b g (z,0,k)eC™(D). 



We can repeat the proof of Theorem 14.21 and conclude that 
Theorem 5.1. For bjj _ g , j = 0, 1, . . in (11.201) . we have 
(5.3) 

. A^VebsAO, z)b t , g (z, 0))(0) 



(2vr)"(det J R i (0))- 1 E E E E (- 1 )" 2 " 



0<m<j i/—[i—m 2i/>4[i s+t=j—m 

for all j = 0, 1, . . ., where bjj(0, z), bj j9 (z, 0), j = 0, 1, . . are as in (I3.23P . 
In particular, 

(5.4) b OJ>g (0) = (27r)"(det J R L (0))- 1 6 ,/(0,0)6 0i9 (0,0), 



b hfi9 (0) = {2n) n {det ^(O))" 1 (6o,/(0, 0)&i, ff (0, 0) + 6^(0, 0)M°> 0) 
(5.5) 1 1 

+ -A (V e boj(0,z)bo. g (z,0))(0) - -Ag(0 1 y e 6o,/(O,2!)6o^(«,O))(O) 
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and 
(5.6) 

& 2j/)S (0) = (27r) n (det ^(O))- 1 (b 0J (0, 0)6 2 , g (0, 0) + b 2J (0, 0)b , g {0, 0) + 6^(0, 0)6^(0, 0) 
+ l - A (y e (6o,/(0, *)M*> 0) + 6i,/(0, z)M*> 0))) (0) 
- jAg(^iV e (6o,/(0, z)b li9 (z, 0) + 6^/(0, ^)6 0)9 (z, 0))) (0) 
+ Ia 2 (V b OJ (O, z)b Q , g (z, 0)) (0) - 1 (0^0^/(0, z)^, 0)) (0) 



1 



— Ag(0?V r e 6o,/(O^)6o, 1 ,(^O))(O) 



5.1. The coefficients 6 Q)/ifl and C (f,g). From ([53]), |Q7| and ( EI]) , we obtain 
(5.7) 



& 0) /, g (0) = (27r)- n /(0)y(0) deti? L (0), 
Co,/ lfl (0) = /(0)y(0). 
From (15771) . we get (TT725]) and (TT728]) . 

5.2. The coefficients and Ci(f,g). In view of (15.51) . we see that to com- 

pute 6i,/, 9 (0) we have to know which global geometric functions at z = equal 
to A (yeM0,*)M2,0))(0) and A2(0 1 K 6 o ,/(O,2:)6o, 9 (z,O))(O). Now we compute 
A (VeMMM*>°))( )- First, we need 



Lemma 5.2. We have 



b o>g (z,0) = b o (z,0) ^(°)^ + °(M* +1 )> VVeK 



(5.8) 



aeN£,|a|<AT 



<9z a a! 



o- 



b OJ (0,z) = b (0,z) J2 ^^S + ° (I " |7V+1) ' ViVGN °- 



aeNg-,H<iV 

Proof. In view of (13. 3ft and (13. 23 p . we see that 



d z b 0>g {0,z) = O{\z\ N ), d z b (0,z) = O(\z\"), ViV>0 



(5.9) _ v _ 

d z b , g (z,0) = O(\z\ N ), d z b (z,U) = O(\z\"), ViV>0. 

Combining ([579]) with ( 14717]) . we obtain that Va, /? G Nft, > 0, we have 
(5.10) 



|a| &o, ff M) 



<9z c 



2=0 



0W(&o(z, *)(/(*)) 



9z a 

ai Q i+i /3 i6 (^,o) 



2=0 



and 

From ( I5.10p and (15. lip , we obtain 



dz a 

dH+1%^,0) 



d^(b (z,Q)g(z)) 



z=0 



dz a dz? 



b , 9 (z,0) = b (z,0) J2 7^(°)^ + °^| Ar+1 )' VArGN o- 



z=0 



2=0 



dz a 



2=0 



«eN5,]a|<iV 



dz a v ' a\ 



Similarly, we have 



M0, z) = b Q (0, z) + °(\ z \ N+l ), V.V G Nn. 



aeNJ,|a|<7V 



<9z a a! 
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(ED follows. □ 
Let -F(z) be a smooth function defined in some neighborhood of z = such that 

(5-12) F(*) = £ ^(0)^(0)^ + 0(1^), ViVGN . 



From (I5.8p . we see that 

A (V e boj(a,z)b o , g (z,0))(0) = A o (V e Fb (0,z)b o (z,0))(0). 

Combining this with ( I4.28p . we obtain 
(5.13) 

A {V e b OJ (0, z)b , 9 (z, 0)) (0) = ( - ^(0)F(0) - ^ (A^F) (0)) (27r)- 2 "(det i? L (0)) 2 . 
From ( EHD , fl2T2|) and ((23D, it is easy to check that 

no) = /(o) 9 (o), 

(A„F)(0) = -2(9/, %)„(()). 
From ( I5.14p and (I5.13p . we get 

Ao(Ve6 ,/(0,^)6 0>9 (^0))(0) 



- 5"^(0)/(0)p(0) + -( 5/ , %) w (0) (2vr)-^(det i^(0))' 

Z7T 7T / 

As P5| . fTOU]) . we can check that 

Ag^VeMMMMMO) = A 2 (0 1 y F6 o (O^)6 o (^O))(O) 

(5.16) 1 

= -^r(0)/(0)^(0)(27r)- 2 "(det f? L (0)) 2 . 

From (ET511 . dHZD, fTOBl . fl5TT5j) and <I57TB]> . it is straightforward to check that 

(5.17) = W det ^ L (0)/(0)<?(0) (i-f(O) - i-r(O)) 

+ (2tt)-" det i? L (0) ( - i- (gA u f + /A^) + i-< df ,dg) w ) (0). 
From (I4.33p . we know that 

(5.18) = det ^(0)/(0) 5 (0) (-U(O) - ^r(0)) 

+ (2 7 r)-™det J R i (0)(-^A w (^))(0). 

Combining this with (I2.47p . we deduce 
(5.19) 
6i,/,(0) 

= (2tt)-" det R L (0)f(0)g(0) (i-f(0) - ^r(0)) 

+ (271) - * det i? L (0) ( - i- A w / + / A u g) + -L ( 5/ , % ) u + ^ ( df , dg ) w ) (0) . 
From (I5.19P and (j5.17j) . we conclude that 

(5.20) b lj!9 (0) = b lifg (0) + (27T)-" det R L (0) ( - i-( 5/ , w ) (0). 

From (Q7P and (1530]) . (OB"]) follows. 
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Note that 

&i,/, 5 (0) = 6i, /5 (0) + 6o,c l( /, 9 )(0). 
From this observation and (I5.20p . (14.171) . we conclude that 



(5.21) C 1 (f,g)(0) = -^(df,dg)UO)- 



(OS]) follows. 



5.3. The coefficients £>2./,g and C2{f,g). To know &2,/,g(0), we have to compute 

A (V r e(6 ,/(0, z)&i, fl fo 0) + 6^(0, z)b 0j9 {z, 0))) (0), 
Ag(0iy e (6o,/(O. *)M*» °) + MO, *)M*> 0))) (0), 
Ag(VeM0,z)M*,0))(0), Ag(0 1 Ve6 Of/ (O,z)6 o ^(z,O))(O), 
A^V MMM^O))(O). 

(See flEEj).) First, we compute Ao(Ve(&o,/(0, -z)&i,«,(2,0) + °)))( )- We 

need 

Lemma 5.3. For s = 1, . . . , n, we have 



(5.22) 
db hg (z,0) 



dz. 



db 1>f (0,z) 



dz. 



z __ = - b ^l£W + (2.)-det^(0),(0)(--(0) - --(0)) 

+ ( 27 r)-det ^(0)^(0) (^f(O)-i-r(O)) 

+ ( 27 rrdet^(0)(-^)^(0), 
^ - -M0,0)|(0) + (2.)^ det ^(0)7(0(^^(0) - ^|-(0)) 

+ (2*)^det ^(0)J|(0) (-U(O) - ^r(0)) 

+ (2.rdet^(0)(-i-)^(0) 



and 



(5.23) 



dl Q l+l% i9 (^,0) 



dH + i%,/(o,z) 



0, Va,/3eN£, |/3|>0, 



2=0 



= 0, v 7i ^n; | 7 |>o. 

2 = 



The proof of Lemma I5T31 is essentially the same as the proof of Lemma H~4"l We omit 
the proof. 
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From Lemma [4.31 Lemma [5.21 and Lemma [5. 3[ it is not difficult to calculate that 
A (V e (b OJ (0, z)b hg (z, 0) + 6^(0, z)b , g (z, 0))) (0) 

=(6 OJ (o, 0)^(0, o) + mo, 0)6^(0, o)) £ y.^fW 

j—l J J J 

+ (2,)-»det^(0)(v a (0,0)ti^(0) (i L|(0)-±^(0)) 
(5 ' 24) + ^(0,0)Ei|(0)(±| ( 0)-±|- ( 0) 

+ (2.)-(de t AW(JL*0) - ^(0)) £ ^(0)^(0) 

+ (2.)-(det #(„»'( - -L) g 1(|,0)^(0) + g(0)^(0)). 

Combining (I5.24p with Lemma [2. 1[ Theorem 12.21 and Corollary 12. 3[ we obtain 
(5.25) 

A (Ve(M0, «)M*» 0) + 6x^(0, 2)60^(2, 0))) (0) 
= (6 ,/(0, 0)^(0, 0) + b lif (0, 0)6 0i9 (0, 0)) ( - i-)f(O) 

+ (2tt) - 2 "(det i? L (0)) 2 (^(0) (JL ( S/ , df ) w (0) - ^ ( 5/ , dr > w (0)) 

+ /(0) (^( % , df > w (0) - ^( <9 5 , dr > u (0))+(if(0) - ^r(0)) ( 3/ , ^).(0) 

1 : (d/,M^U0)- A(^W,%U0) 



As (H2SD, Ol) . we can check that 

Al(<j )l V @ (b j(0,z)b hg (z,0) + b 1J (0,z)b , g (z,0)))(0) 

(5.26) 1 

= -^ r (°) (M°« 0)6^(0, 0) + 6^(0, 0)6o, fl (0, 0)) . 

Now, we compute Ao(Ve&o,/(0, z)bo 7 g(z, 0))(0). From Lemma [5\2| we see that 

(5.27) Al(Veb o , f (0,z)b o , g (z,0))(0) = A 2 (V e Fb (0, z)b (z, 0))(0), 
where F is given by (I5.12p . Combining (I5.27P with (14. 42 p . we obtain 

A 2 (V e boj(0,z)b , g (z,0))(0) 
= A 2 (V @ Fb (0,z)b (z,0))(0) 

= (27r)- 2 "(det F L (0)) 2 F(0) ( JL ( A w f) (0) + -L< i?| ct , Ric w ) w (0) 

(5.28) +^W» + ^Wi(0) 
+ (27rr 2 "(det F L (0)) 2 f - i-( SF , df ) w (0) - \(dF ,dr ) w (0) 

+ (o) (a„f) (o) - A< saF , ^ et >«(0) 

- 1 ( , Ric u ) u (0) + ( A 2 F) (0)) . 

We need 
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Lemma 5.4. We have 

F(0) = /(OMO), (3F)(0) = g(0)(df)(0), 

(0F)(O) = /(0)(fy)(0), (ddF)(0) = (df)(0)A(dg)(0), 

(5.30) (A u F)(0) = -2(df,dg) u {0), 

(5.31) (AlF) (0) = 4( D 0,1 df , D^dg) u (0) + 4{df A dg , Ric, ) w (0). 
Proo/. fl5T29|) is easy. From fl5TT2|) . (TO) and ([23]), we can check that 

(A w F)(0) = _27r£l|£(0)|2-(0) = -2( 5/ , %>„(0). 



follows. 



From (g3gp , (15TT21) and (g2H) , we have 

(A 2 F)(0) = 4vr 2 (A 2 F)(0) + 4( , Ric w ) w (0) 
71 i r^F 1 — 



(5.32) 



= 4( D°' l df , D^dg)^) + 4(df A dg , Ric u ) w (0). 
f lQTj) follows. □ 

Combining Lemma [5.41 with (I5.28p . we conclude that 
A 2 (^ e MM&o, 9 M))(0) 

= (27rr 2 "(det ^(0)) 2 /(0)^(0) ( JL ( A„f) (0) + -L< i^ ct , Ric w ) u (0) 

+iw 2 (o)+^i^i:(o)) 

(5.33) / i _ _ i 

+ (27rr 2 "(det i? L (0)) 2 ( - -p(0) (df ,df > w (0) - -/(0) ( ^ , 9r > w (0) 

- -lf(0)< 5/ , ^) w (0) -^(dfAdg, Ri ct ) w (0) 
+ ^(D ' 1 3/,D ' 1 ^> W (0)Y 

Now, we compute Ajj((^iVe&o,/(0, 2r)& , ff (£, 0)) (0). As before, we have 

(5.34) Ajj(0iVeMMM*> o ))(°) = Ajj^iVeFMO, z)&o(*, 0))(0). 
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From (I5.34p , (I4.44p and Lemma 15.41 it is easy to check that 
(5.35) 

A^i^eMMV<;M))(0) 
= Ag (01^60(0, z)6o(z,0))(0) 

= (27r)- 2 "(det J R i (0)) 2 /(0)^(0)(^(A w r)(0) + A | Rk g 2 (Q) + J_ \ r tx^ (q) 
6 



+ _ r ( )f(0) + -(Ric^^ et ) w (0)) 



+ (2^)- 2 "(det i? L (0)) 2 ( - Jar(0)< a/ ,d§) u (0) - ^(df Adg , Ric w > w (0) 
3 r <?(0) ( 5/ , > w (0) - -^/(O) ( , 0r > w (0)) . 



27r2 ^V , , ,u, w 27r2 . 

As f!4.46p . we have 

&t(<f>lV@b Otf (0,z)b O!g (z,0))(0) 

(5 ' 36) = (27r)- 2 «(det ^(0)) 2 /(0)^(0) |Ric J 2 (0) + A | (0) + ^(0)) . 

Combining with (Q7|) . fl4T33|) . (1Q91 . (15^51) . (15^61) . (ET35j) . ([OSD and 

some very complicated but elementary computations, we deduce 

(5.37) 

6 2)/i9 (0) = (27T)-"det J R i (0)/(0)< ? (0)(^(f) 2 (0) - ^r(0)r(0) 

+ 12^ r2(0) " 32^^ (0) + 8^< Ric -^ et ).(0) - ^ |<t (0) 

+^(M(o)-^iHicji(o) +i ^|ie'£(o); 

+ (27T)- det R L (0) (( JLf - ^- 2 r)(df ,dg)« + ^Ji^) (~f+\r) 
+ ^-A^f) ^f(ddg , R d e ct ) u - ±- 2 g{ddf , i2g* > tt 

+ v~2f(9dg,Ric UJ ) UJ + -^#( 99/ ,Ric w + -^(9/ A9#,Ric w ) w 

871^ 8"7T Z 47T^ 

1 ( 9/ a 9<? , i?| et ) u - -L ( 5/ , a ) u - J- ( a a u f , ^ ) u 



+ I ^(A„9)(A„/))(0). 

In view of (14. 49 p . we see that 
(5.38) 

b 2Jg (0) = (2 7 r)-"det^(0)/(0) 5 (0)(^ i (f) 2 (0) - ^r(0)r(0) 



9^(M(o)-^l^l(o) + ^|iC'£(( 

(2 7 r)-"det^(0)(- I ^f(A w (^)) + ^r(A w (^)) 
■±s(8d{f9),Be)» + ^(ddifg)^^ + ^ (A 2 (/£))) (0). 
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Note that dd(fg) = gddf + fddg + df A dg + dg A df. From this observation and 
(I2.47p . f)2.48p . it is straightforward to see that we can rewrite H5 .38j) : 

(5.39) 

b 2Jg (0) = (2vr)-"det J R L (0)/(0)( ? (0)(^(f) 2 (0) - ^(0)r(0) 

+ - ^( A ^)(°) + ^s(™*» - ^ l^ e t (o) 

+ (27T)- det #(0) (^(A,/) ( - f + Ir) + ^/(A^) ( - r + \r) 

11 1 

->det 



(?( aa/ , i^ et } w + — /( aa# , mc w ) w + — 2 g{ aa/ , mc u > t 



+ ^(dfAdg,Ric UJ ) U) + ^(dgAdf,m Cuj ) u) -^(dfAdg,R d e ct ) i 

1 :(%Aa/ )J R| et ) £J --^(a/,aA^) £J --^-(aA a) /,%) £ , 



4tt 2 n * •" w 8tt 2 x j ' 8tt 2 

1 ( a/ , 3A^ ) u - -L ( dA^f , dg > u + -L ( d ^/ , d - 1 ^ >„ 



57T 071^ 8tT Z 



+ ^(A^)(A./))(0). 

Combining f l5.39|> with (I5.37p . we obtain 
(5.40) 

6a./,p(0) = &2,/ a (0) + (2tt)-" det i? L (0) ( - ^( 3<? A df , Ric w ) u + ^( dg A a/ , R d et >„ 

1 ,^ . 1 



+ ( aA w / , a# ) w + ( aA^ , a / ) u - — ( d 1 ^/ , d 1 - ^ ) u 

8tt a Sn z Sn z 

- ^(Wf ,ddg) u + ^(df ,dg)4-r + ±r)y0). 

From fl5T40|) . (07]) follows. 

Now, we compute C 2 (/, <?)(0). Note that 

(5-41) WO) = WO) + W*)(0) + W,»)(0)- 

In view of (I5.2ip and (I4.33p . we know that 
(5.42) 

W,*)(0) = ^r-deti^O)^-^ 

We need 

Lemma 5.5. We have 
(5-43) 

A w « df ,dg) u ) (0) = — 2( dg Adf , Ric w )(0) + ( aA w / ,3^(0) + ( 3A^ , 3 / ) w (0) 

- 2( aa/ , aa^) w (o) - 2( z^a/ , z^uo). 

Proof. From ( 12. 2p . it is straightforward to see that 

(5 44) (df cr) = ~V 1 — — 7T V 1 ^ — — I G(b| 3 ) 

^—f A,- a^- a^i ^— ^ A,Afc d~Zjdz k dzj dzk 

j— l j j j j,k=l 
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From f)5.44p and (12. 4p and notice that 0i = 0(\z\ ), we can check that 
A.(W,*>.)(0) = £ ^^-^(0)^(0) 

y J ^—(o)^(o) 



27T 2 



(5.45) 



A,- A. dzjdz s dz s dzj 

J,S=1 J J J 



ArfA- dzjdz s dzjdz s 

jjS=l J -J J 

- 2 - 2 EtV^(°)«^-C) 

^ AjA s ozjOZg ozjOz s 

.f— < \j\ k \ s dZjdz k dz B oz a dzj dz k 

J,KjS — 1 

Combining (l5^5|) with (12745]) . ( 12~46|) . (g35D , ( E5ZD and (1274T]) . we obtain 

A w ((a/,^) w )(o) = -2(5 fl Aa/,mc w )(o) + (aA w /,^) w (o) + <M^,97) w (o) 

- 2{ddf,ddg)^) - 2( D 1,0 df , D 1,0 dg) u (0). 

dS3SD follows. □ 

From (IQ3]) and (J532D, we get 
(5.46) 

&iA(/, ff ) (0) = (27T)-" det i? L (0) (( - JLf + JLr) {df ,dg) u - ±(dg Adf ,Bic u ) 



j^{dA w f ,dg) u + ^(dA w g,df) w - —(ddf,dc 

2 >7T Z 8lT z 4lT z 

1 



^(D 1,0 df , D l,0 dg ) u j (0). 

Combining (15.461) with (I5.40p . we obtain 
(5.47) 

&2 l/lff (0) = 6 2l/s (0) + 6 liCl(/)S) (0) 

+ (27T)- det i? L (0) ( JL< Z^fl/ , D l,Q dg ) u + ^(dgAdf, R% et > w ) (0). 
Combining (15.471) with (15.41 j) . ( 14. 1 7j) . we conclude that 

C 2 (/, #)(0) = ^( D lfi df , D 1,o dg) w (0) + ^L(dgAdf, > <1> (0). 

We obtain (ll.30p and Theorem 11.51 follows. 
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